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Abstract. This paper is concerned with the problem of the determination of 
unknown scalars involved in the algorithm of computing the generalized Green 
functions of reductive groups G over a finite field. In the previous paper, we have 
treated the case where G = SL^- In this paper, we determine the scalars in the 
case where G is a classical group Sp2n or SOm for arbitrary characteristic. 



0. Introduction 

This paper is a sequel to [S2] . Our aim is to remove an ambiguity from the algo- 
rithm of computing generalized Green functions of reductive groups due to Lusztig. 
Let G be a connected reductive group defined over a finite field Fg with Frobenius 
map F. Let p be the characteristic of Fg. In [S2], we have treated the case where 
G = SLn- In this paper we consider the case where G = Sp2n or SOjq for arbitrary 
p. The case where G = Spin^y will be treated in a separate paper. 

In [SI] it was shown, in the case of Sp2n or SOjy with p 2, that there exists 
a representative in for each unipotent class C, called a distinguished element 
there (in this paper we call it a split element) which behaves well with respect to 
the computation of Green functions. Our result in this paper shows that the split 
elements behave well for any type of generalized Green functions. We also show, in 
the case where p = 2, that such a good representative (called a split element) exists 
for G = Sp2n or S02n- This was not known even for the case of Green functions. 

The main ingredient for the proof is a variant of the restriction theorem ([LI]) for 
the generalized Springer correspondence. The restriction theorem is a powerful tool 
for determining the generalized Springer correspondence, and it was used in [LS], 
[Sp2] very effectively. We extend this theorem so that it involves the information 
on the Frobenius action. In [S2], we have investigated the Frobenius action on the 
cohomology group H^"^^{Vu,S). But this requires a precise information on the 
geometry of Vu related to the local system £. In the case of classical groups, one 
can avoid to deal with Vu by considering the restriction theorem as above. 
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1. A VARIANT OF THE RESTRICTION THEOREM 

1.1. Wc follow the notation in Section 1 in [S2]. In particular, G is a connected 
reductive group over a finite field Fg, with Frobenius map F. Let k be an algebraic 
closure of F^ and p the characteristic of k. Let P = LUp be a parabolic subgroup of 
G, with a Levi subgroup L, and let £^ be a cuspidal local system on a unipotent class 
C in L. As in (1.2.2) in [S2], one can define a perverse sheaf K on G associated to 
the triple {L,C,S). Then K is a semisimple perverse sheaf with EndK ~ Qz[W], 
where W = Ng{L)/L is a Coxeter group. Thus K is decomposed as 

(1.1.1) ^ Ve^Ke, 

where Ke is a simple perverse sheaf on G such that Ve — }iom(KE, K) is an 
irreducible W-modulc corresponding to ii^ G W^. Put d = dimZ£, where Zl is the 
center of L. Let Guni be the unipotent variety of G, and A/g the set of all the pairs 
{C',S'), where G' is a unipotent class in G and S' is a G-equivariant simple local 
system on C. Then it is known that ci] Ic^ni is a semisimple perverse sheaf on 
Guni, and it is decomposed as 

(1.1.2) K[-d]\G^^,^ V^c',e')®lC(c',S')[dnnG'], 

{c',e')(iNG 

where V{c',£') is the multiplicity space for the simple perverse sheaf IC(G', £') [dim G'\ 
on Guni (cf. [S2, (1.2.4)]). Thus KeIg^^i coincides with some IC(G,r) up to shift, 
and V(c',£') coincides with Ve- It turns out that all the irreducible W-modules are 
realized as V(c',£') for some pair {C',£'). Thus we have an injcctive map — >■ A/g 
by = V{c',£') {C',£'), whose image we denote by Mg{G,8). Let M.g be the 
set of triples (L, G, £) up to G-conjugacy, where L is a Levi subgroup of a parabolic 
subgroup of G and f is a cuspidal local system on a unipotent class G of L. The 
above injective maps form a bijection 

(1.1.3) U {NG{L)/Lf^UG 

{L,C,£)eMG 

which is the so-called generalized Springer correspondence ([LI, 6.5]). 

1.2. Let Q D P be a parabolic subgroup of G with the Levi subgroup M such 
that M D L. Then Wi = Nm{L)/L is in a natural way a subgroup of W. Replacing 
G by M, we have a subset Hm^G^E) of A/"m. For each {G\£') G A/'g(G,£:) (resp. 
(Gi,£^i) G Mm{G,£)), we denote by E (resp. Ei) the corresponding irreducible 
representation of W (resp. Wi) under (1.1.3). 

Let ttq : Q ^ M be the natural projection. Assume that (Gi,£^i) G A/m(G, £^), 
and that {G',S') G A/g. We denote by /gi,g' : GiUq n G' ^ Gi the restriction 
of ttq. Then — R^'^'^^''^' {fci,c')\£' is a semisimple M-equivariant local system 
on Gi, where dc^^c — (dimG' — dimGi)/2. We define an integer mg^^g/ to be the 
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multiplicity of £i in J^. Lusztig proved the following restriction theorem on the 
generalized Springer correspondence. 

Theorem 1.3 (Lusztig [LI, Theorem 8.3]). Under the above setting, {C',£') G 
NaiC^E) if and only if ms^^si ^ 0. Moreover in that case we have 

where ( , is the inner product of two representations ofWi (regarded as charac- 
ters), and ResE is the restriction of E on Wi. 

1.4. Let u E C and v G Ci, and consider the component group Ac{u) and 
Am{v). The set of G-equivariant simple local systems on C is in 1:1 correspondence 
with the set Ag{u)^ of irreducible characters of Ag{u), and a similar fact holds also 
for M. As described in [LS], the integer ms^^e' can be interpreted in terms of the 
representations of Aq{u) and Am{v), which we explain below. Let !Fy be the stalk 
of at V e Ci. Then we have 

(1.4.1) T,c^HT''^'''\C'f^vUQ,8'). 

Let TT : (7' = Zq{u)\G — > C',ZQ{u)g i— > g~^ug be the finite covering of C with 
group Ag{u). Let X = {C f] vUq) Xq' C' be the fibre product of C H vUq with C' 
over C, and let tt : X — > C" n vUq be the base change of tt. Then we have 

hT""^''" {C n vUq, ^,Qi) ~ i/f (X, QO, 

and Ag{u) acts naturally on the right hand side. Now Tf^Q^ can be decomposed as 
7f*Qz = Xlp^p ® where p runs over all the irreducible characters of Ag{u). Here 
£p is the G-equivariant simple local system on C corresponding to p and Vp is the 
corresponding irreducible representation of Ag{u). It follows that 

hT'^-'^' {C n vUq, Sp) {hT---' {X, QO ® Vp,y-^^\ 

where p* is the dual representation of p. On the other hand, the semisimple local 
system T can be written as = X^pi^^pi^pi' where £p^ is the irreducible local 

system on Ci corresponding to pi G Am{v)^ and m^^ is the multiplicity of Sp^ in JF. 
By taking the stalk at v, we have J^y = rnp^^Sp^)^. Here {Sp^)^ is an irreducible 
AM(f)-module corresponding to pi. Note that if £' = £p, and £i = £p^, we have 
^e-i_,€' = TT^pi- Now 2'M(f ) acts on C'CwUq by conjugation, and it induces an action 

of Am{v) on h!'^'''-^' (C n -uC/q, S'). We have 



= (i/e'"--'(X,QO®V,.)^^^"\pi)^^(.), 

where ( , )^^(^) denotes the inner product of characters of Am{v). 
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By Proposition 1.2 in [LI], it is known that dimX < dci,c'- Thus He {X, Q/) 
has a basis corresponding to the set of irreducible components of X of dimension 

dci,C', and the action of Ag{u) on Hq "^^'"^ {X, Qi) coincides with the permutation 
action of Ag{u) on those irreducible components of X. Since C" = Zq{u)\G, we 
have 

X^{{y, Z'a{u)g) e (C n vUq) x&\y^ g'^ug} 
= {Z^Giu)g I g-'ug G vUq} 
= e G I e ^;^7q}. 

Put Yu,v = {g ^ G \ g~^ug G vUq}. Then Zg('u) x ZM(f) acts on Yu,^ by (-2,^') : 
g I— >■ ^(7,2'" for z G G and the projection Yu^v X = Zq{u)\Yu,v 

gives a bijection between the set of irreducible components of X and Yu,v, which is 
compatible with the action of Ag{u) and Am{v). Note that 

dim Yu^y — dim X + dim Zq{u) 

= dci,C' + dimZ^(u) 

= (dimZG(ii) + dimZM(t'))/2 + dimC/g. 

Let Xu^y be the set of irreducible components of Y^^^ of dimension dc-^^c" + dim Zq{u). 
It follows from the above discussion, we have 

Corollary 1.5 (Lusztig-Spaltenstein [LS, 0.4, (4)]). Let eu,v be the permutation 
representation of Ag{u) x Am{v) on X^^^. Then we have 

(Res E, Ei)^^ = m£,,£> = p ® P*i)Aaiu)xAM{v) ■ 



1.6. We want to consider a variant of Corollary 1.5 which involves the Frobenius 
action. Assume that P is F-stable, and that the triple (L, G, £) G M.g is F-stable. 
We choose uq G G^ and fix an isomorphism (/jq : F*£ 2:^8 so that the induced iso- 
morphism — > is of finite order. (/Jq induces an isomorphism (/? : F*K ^ For 
each pair (G',S') G A/'(f', we choose u G C"'^. We fix an isomorphism ip^r : F*S' 2^8' 
as follows; F acts naturally on Ag{u)^ and we consider the semidirect product 
Ag{u) = {t)\xAg{u), where r is the restriction of F on Ag{u). Since {G',S') is F- 
stable, p is F-stable. We choose an extension p of p to Ag{u) and fix an isomorphism 
ip£' SO that the induced isomorphism S!^ — > S!^ corresponds to the action of r on p. 
Now induces an isomorphism : F* IC(a', £:')[dimC"] ~ IC(C', £:')[dimC"]. 
The isomorphism (/? also induces an isomorphism F*K[—d]\G^^i ^-^["'^llcuni, which 
we also denote by ip. Then under the decomposition of (1.1.2), ip induces an iso- 
morphism 

V(c'f ') F* IC{C', £') [dim G'\ ~ V'(c'£') IC(C', £') [dim C] 
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for each pair (C, £') e Hqi and one can define a linear isomorpfiism (T{c',S') on 
y{C',e') such that this isomorphism can be written as (T{c',£') ® i^S'- Now F acts 
naturally on W = Ng{L)/L, and (T(c',£') becomes W-semilinear, namely we have a 
relation (J(^c',£')U! = F{w)a{c' ,£') on V(^c',£') for each w G W. Replacing G by M, we 
can define a Wi-semilincar map a(^ci,£i) on V(Ci,£:i) for each pair (Ci,£i) G M^- The 
irreducible W-module V(c',£') can be written as a Wi-module 

(1.6.1) V^c',£')^ Me,0Ei, 

where Mg^ is the multiphcity space of the irreducible Wi -module Ei and is realized 
as Me, — Homw!^(£'i, V(c,£-'))- Suppose that Ei ~ V(^Ci,£i) under the generalized 
Springer correspondence for M. If Ei is F-stable, {Ci,£i) G J^m, and we have 
an isomorphism (T(Ci.£i) on Ei. One can define a map crf^,f' : Mgj — >■ Me, by 
/ c"(C',£:') ° / ° ^(Ci fi)- The linear map ai^c',£') stabilizes the subspace Me, ® Ei 
and we have 

(1-6-2) Cr(^c',£')\ME,^Ei = (Tg^.g' <S> C^(Ci,fi)- 

On the other hand, since F{C') — C',F{Ci) — Ci, the map fci,c' is F- 
equivariant. Hence il^s' : F*E' 2:<^8' induces an isomorphism '^c,,C' '■ F*J-'!^J^, 
and so a linear isomorphism J-'y Ty which we denote by the same symbol '?/'Ci,c'- 
Now the local system T on C\ corresponds to a representation V of Am{v). V can 
be decomposed as 

where Mp, = Y{om.Aj^j{v){,Pi-i V) is the multiplicity space of the irreducible represen- 
tation pi. F acts on Am{v), and as in the case of G we consider the semidirect 
product Am{v) = {t)\xAm{v), where r is the restriction of F on Am{v). For each 
{Ci,Si) G A/'i(J, wc fix an isomorphism : F*Si 2^ Si as in G by using an extension 
Pi of pi to Am{v). Now ipci,c' stabilizes the subspace Mp, ® pi for an F-stable 
Pi £ ^M(f and as in (1.6.2) one can define a linear map ■0pi,p on Mp, such that 

The following result gives an F-twisted version of the restriction theorem. The 
proof is done by chasing the argument in [LI]. 

Proposition 1.7. Under the notation as above, we have 

Tr {as„£'. Me,) = g-^c„c'+dimi/c (V;,,_^, M,J. 

1.8. Let Yu,y be as in 1.4. Assume that Q is F-stable. Since u,v are F-stable, 
Yu^y is F-stable, and so F acts as a permutation on X^^^. On the other hand, F 
acts naturally on A{u, v) — Ag{u) x Am{v), and we denote by A{u, v) the semidirect 
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product group {t)\><A{u, v). Then the permutation representation „ is extended to 
a representation of A{u, v), which we denote by „. Now tpsi and tpg^ determines an 

extension of to A{u, v), which we denote by p<S> pi- By chasing the argument 

in 1.4, we see that 

where in general 

for representations Vi,V2 oi A{u,v). Hence combined with Proposition 1.7, we have 
a variant of Corollary 1.5 involving the Probenius action. 

CoroUciry 1.9. Let the notations be as above. Then we have 

1.10. We shall connect the above results to the discussion on generalized Green 

functions in [S2, Section 1]. Take j = {C',S') e AA| and let Vo = : F*S' 2^S' 
be defined in 1.6. ipo determines the G^-invariant function Yj' on the set G^^j as 

in [S2, 1.3]. On the other hand, let W = W xi (c) be the scmidircct product, where 
c is a Coxeter group automorphsim on W induced from the action of F. In the 
decomposition in (1.1.1), one can define an isomorphism (pE '■ F*Ke so that 

the induced map cr^ : Ve — > makes the irreducible W-module Ve the preferred 
extension to W (cf. [L2, IV, (17.2)]). Put 

ao = — dim — dim C", 

r = dim G — dim L + dim (C x Z^[). 

The we have 

ao + r = (dim G — dim G') — (dim L — dim C) . 

We have n''°{KE)\c' = ^' and we define if) : F*E' C^E' so that coincides 
with the map defined by ifE '■ F*T-C°'°(Ke) 2:1, Ke- The function Yj is defined as the 
characteristic function of S' through i/j, extended by to the function on G^^j (see 
[S2, 1.3 ]). Since S' is a simple local system, there exists 7 e Q^* such that ip = ■jipo, 
and so Yj = 7!^". Our main objective is the determination of this scalar 7. Note 
that the determination of 7 is equivalent to the determination of the map (J(^c',£')- 
In this paper, we determine 7 by investigating the map (T{c',e')- The following fact 
is easily verified. 

Lemma 1.11. Suppose that ?~^"°"'"^^''^(J(c',f') makes the W-module V[c',s') the pre- 
ferred eoctension to W. Then we have 7 = 1. 
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2. UnIPOTENT CLASSES OF CLASSICAL GROUPS 

2.1. Let G be a connected classical group defined over Fq. We consider the 
following type of groups G. 

(I) G = Sp2n, P^2, 

(II) G = S02n+1, P ^ 2, 

(III) G = SOi^, p^2. 

(IV) G = Sp2n, P = 2, 

(V) G = sot P = 2. 

These groups are realized as a group of transformations preserving the various 
forms. Let be a vector space over k with dimV = N. Assume that p 7^ 2. 
Then Sp^ (resp. On) is the subgroup of GL(V) leaving / invariant, where / is an 
alternating form (resp. a symmetric bilinear form ) on V and = 2n in the case of 
Sp. SOn is the connected component of Ojv, and SOf^ corresponds to two F^-forms 
of /, one is split, the other is non- split. 

Assume that p — 2. Then Sp2n is the subgroup of GL{V) with N — 2n leaving an 
alternating form (= a symmetric bilinear form) / invariant. The quadratic form Q on 
V is defined by the property that the map VxV — > k, {x, y) ^ Q{x+y)—Q{x)—Q{y) 
gives rise to a non-singular bilinear form, which we may take the alternating form /. 
Let 02n be the subgroup of GL{V) leaving Q invariant. Then we have 02n C Sp2n, 
and let S02n be the connected component of 02n- It is known by [D] that there 
exists two Fq-forms of Q as follows. We regard Q as the quadratic form on Vq = F^". 
Then there exists a basis of Vq such that, for x — {xi, . . . , X2n) G Vq with respect to 
this basis, Q{x) can be expressed as 

(2.1.1) Q{x) = XiXn+l H h XnX2n, 

(2.1.2) Q{x) = XiXn+1 H Xn-lX2n-l + OCX^ + X^Xgn + axl^, 

where a G Fg is an element such that aX'^ + X + a is an irreducible polynomial 
in Fq[X]. We denote by (resp. Ogn) group 02n associated to the form in 
(2.1.1) (resp. (2.1.2)), and let SOf^ be the connected component of O^. 

2.2. We shall describe the unipotent classes in G. As is well-known, in the case 
where p 7^ 2, the unipotent classes of G are described by unipotent classes in GLiV) 
which are parametrized by partitions of A^ through Jordan normal form. Let G\ be 
the unipotent class in GLiV) corresponding to a partition A of A^. We write A as 
A = (Ai < A2 < • • • < A^) with Y!i=i Xi = N 01 \ = {r\2''\^. . ), where r = /(A) is 
called the length of A. Assume that G — Sp2n- Then Gx — Cxfl G is non-empty if 
and only if q is even for odd i, and in that case Gx is a single conjugacy class in G. 
While for G = 0^, Gx — Gxf^G is non-empty if and only if q is even for even i, and 
in that case Gx form a single class in G. Now Gx is already contained in G = SO^, 
and so gives a unipotent class in G in almost all cases. The exceptions are the cases 
where A satisfies the condition ; q = if i is even, and q is even for all odd i. In 
that case, Gx is divided into two classes and G" in G. 
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2.3. In the case where p = 2, the parametrization of unipotent classes is more 
comphcated. We shall describe it following Spaltenstcin [Spl, 2.6]. First assume 
that G = Sp2n with p = 2, and let / be the associated alternating form. Then 
the unipotent classes in G are parametrized by a pair (A, e), where A is a partition 
of 2n such that Cj is even for odd i, and £ is an assignment e : i ^ £i E {0,1} 
for even i such that q ^ 0. Here Si = 1 if q is odd, and £i = or 1 if q is 
even. The correspondence with unipotent classes are given as follows. Let u be 
a unipotent element in G. Then as an element in GL{V), u is parametrized by a 
partition A of 2n, which satisfies a similar condition as in the case of p 7^ 2. Now 
take even i such that q is even non-zero. We define a function hi on Ker(w — 1)* by 
hi{x) — f{{u — iy~^x,x). Then we put 



The pair (A, e) is the one corresponding to the unipotent class in G containing u. We 
denote by Ca,^ the unipotent class in G corresponding to (A, e). For a convenience 
sake, we extend e to the function on N by e : i 1— > e^, where = uj for i not appeared 
above {cu is a symbol not contained in {0, 1}). 

Next assume that G — S02n with p — 2. We have G — C Sp^n- Let C\^e 
be the unipotent class in Sp2n corresponding to (A, s). Then (7^,^ = Cx^^ fl G is 
a unipotent class in G. Thus unipotent classes in G are 1:1 correspondence with 
unipotent classes in Sp2n- Now C\^e is contained in G if and only if /(A) is even. 
Assume that /(A) is even. Then C\^e forms a single unipotent class in G except for 
the case where Q = for all odd i, and = for all even i such that Q 7^ (here q 
is even for even i). In the latter case, Ca,£ splits into two classes C^^ and C^'^ in G. 

2.4. Let G be as in 2.1. For a convenience sake, we introduce a function £ on N 
also in the case of p 7^ 2. Assume that p ^ 2. In the case of G = Sp2n-i we put Si — l 
if i is even and Cj 7^ 0, and put ei = uo otherwise. In the case of O^v, we put Ei = 1 
if i is odd and q 7^ 0, and put Ei = u otherwise. Under this convention, we denote 
the class Cx in Sp2n or SOn by Cx,e- For u & G, let Ag{u) be the component group 
of Zg{u) as before. In the case oi G — On, we also consider Aq{u) = Zq{u)/Z^~{u) 

for u E G. Following [Spl, 2.9], we shall describe the structure of Ag{u) and Aq{u). 

Assume that G = Sp2n with p 7^ 2. Take u G Gx,e- We consider the generator 
Oj corresponding to each Aj. Then Ag{u) is an abelian group generated by such 
that e(Aj) = 1 under the condition that of = 1 and that a,j = a^- if Aj = Aj. 

Next assume that G = On with p 7^ 2. Take m G Ca,£. Then Ag(M) is an abelian 
group generated by Oj, exactly by the same condition as the case of Sp2n- Now 
Ag{u) is the subgroup of Aq{u) of index 2 generated by a^aj for each i 7^ j'. 

Next assume that G = Sp2n with p = 2. Take -u G CA,e. Again we consider the 
generators a, corresponding to Aj. Then /Ig'(m) is an abelian group generated by 
such that E{Xi) 7^ under the condition that of = 1 and that = if Aj = Aj or 
if Aj — Xj + 1 or if Aj is even and Aj = A^ + 2. 



(2.3.1) 




if hi = 0, 
otherwise. 
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Finally assume that G — with p — 2, and G = S02n- Take u e Cx,e- Then 
Aq{u) is an abelian group generated by Oj, exactly by the same condition as the 
case of Sp2n with p — 2. Ao{u) is the subgroup of Aq{u) of index 2 generated by 
GiGj for i j. 

2.5. In what follows, we shall construct a normal form of unipotent elements 
in G^. As a preliminary for this, we consider the case where G = S02n with 
p — 2. So assume given a vector space V over Fg of dimension N — 2n with a basis 
ei, . . . , Cat, endowed with an alternating form /. We define an element v e GL{V) 
by {v — l)ej = ej_i (with a convention cq = 0), and assume that v leaves / invariant. 
We consider the following condition on /. 

(2.5.1) /(ei,ejv) = l, 

(2.5.2) /(ei,e^) = for i = n + 1, . . . , A^, 

(2.5.3) /(e,, ek) + /(e,+i, e^) + /(e,, e^+i) = for < i. A; < AT - 1. 

Note that (2.5.3) is equivalent to the condition that v leaves / invariant. Also note 
that the conditions (2.5.1) ~ (2.5.3) determines the alternating form / invariant by 
V uniquely. In fact, it follows from (2.5.2) and (2.5.3) that 

(2.5.4) f{ei,ej)=0 ior n + 1 < i,j < N. 
Also it follows from (2.5.1) and (2.5.3), we have 



(2.5.5) f{e,,ej) 



i(i + j<N, 
iii+j = N+1. 



Hence it is enough to show that /(cj, Cj) is determined for 1 < i < n and n + 1 < 
j < N. By (2.5.5) we have /(e„, e^+i) = 1. Since /(e„+i, Cj) = for j > n + 1, we 
have f{en,ej) = 1 for j > n + 1 by (2.5.3). Then f{ei,ej) = /(e^, e^.i) + /(ej+i, e^-i) 
is determined for 1 < i < n by induction on j {n + 1 < j < N) . 

We consider a quadratic form Q such that Q{x + y) — Q{x) — Q{y) = f{x,y), 
which is left invariant by v. We have the following lemma. 

Lemma 2.6. Let the notations he as above. Assume that Q{eN) — 0. Then Q is 
determined uniquely, which is non-degenerate of split type. 

Proof. Since Q is invariant by v, it is known by [Spl, 6.10] that Q(e.t) = /(ei,ei+i) 
for i = 1, . . . , N — 1. Hence Q is determined uniquely by / and by the condition 
Q{&n) = 0. It is easy to see that this Q actually gives rise to a quadratic form 
invariant hy v. In order to show that Q is non-degenerate of split type, it is enough 
to see that there exists a basis e'^, . . . , oiV satisfying the property 



(2.6.1) <5(e-)=0 for 2 = 1,..., AT 

/(e:,4) = 



if i + j = AT + l, 
otherwise. 
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We show (2.6.1). We consider the square matrix A — {f{ei, eN-j+i))i<i,j<n degree 
n. By (2.5.5) A is a lower unitriangular matrix. For k = 0,1, . . . , we denote by 
the principal minor matrix of A of degree 2*^. We have Aq = (1). We show that 

(2.6.2) The matrix A^ has the following property; for k such that 2*^+^ < n, we have 




If 2^" < n < 2^"+^, A is of the form 

^_(A, 0\ 
~ \A', A'l) ' 

where A'f^ is the minor matrix of A^ of type (n — 2'^, 2^) consisting of the first 
{n — 2'^)-rows and all the columns, and A'^ is the principal minor matrix of A^ of 
degree n — 2^. 

In fact, assume that 2^^^ < n. By induction we may assume that (2.6.2) holds 
for k — 1. Put A — {ttij) with Uij — f{ei, ejv-j+i). Then by (2.5.3), we have 

(2.6.3) ttij = Oj-ij + aj_ij_i. 

By induction, we see that the last row of A^ is of the form (1, . . . , 1). Hence (2.6.3) 
implies that the (2^' + l)-th row of Ak+i is of the form (1, 0, . . . , 0, 1, 0, . . . , 0) (1 
appears in the first and the (2^^ + l)-th coordinates), which coincides with the first 
row of the matrix (Afc,^^). Since the (2^^ + 2)-th row of A^+i is determined by 
(2^^ + l)-th row by (2.6.3), and so on, we see that the minor matrix of Ak+i of type 
(2^^, 2*^+^), consisting of the last 2*^-rows and all the columns, coincides with (^4^, Ak). 
(Note that since the last column of Ak is of the form *(0,...,0,1), the interaction 
between two Ak does not occur in this computation). Thus (2.6.2) holds for the case 
where 2*^"'"^ < n. The case where 2^ <n < 2^^^ is dealt similarly. 

For j such that 2"~^ < J < 2", we define a marked matrix A^^'' as follows. In 

the matrix A^, the (j, j) entry is contained in a minor matrix Ai — , where 

the (j,j)-entry corresponds to the (1, l)-entry (resp. (2, 2)-entry) of Ai if j is odd 
(resp. even). We define a marked matrix by replacing the minor matrix Ai in 
Aa by A\, where 

°) or 0) 

according as corresponds to (1,1) or (2, 2) in Ai. In each of the matrices the 
marks • are attached to some entries in Aa- For example, for 2 < j < 2^, A2'' is 
given as 



/I 








o\ 




A 








o\ 


1 


1 








or 


1 


1 








1 





1' 





1 





1 





V 


1 


1* 


IV 




V 


1 


1 
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according to the case where j — 3 or j — 4. For k > a, we define A^^'' inductively as 

in (2.6.2) by replacing by A^i^\ starting from Aa \ Then we define the matrix A^^^ 

for 2*= < n < 2^=+^ by replacing A'^., A'l by (A^j^"')', (^^ V' which is defined similarly. 
By a direct observation, we have 

(2.6.4) The matrix A^^^^ has the following properties. 

(i) In each row, the number of marked 1 is even except the j-th row, where the 
number is 1. 

(ii) In each column containing the marked I's, the entries except the marked 1 
are all zero. 

We now define, for j = 1, . . . , n, the vector e^_j_,_]^ by 



eN-j+i - y^eAf_fc+i, 

k 

where the sum is taken over 1 < k < n such that k-th column in A^^^ contains a 
marked 1. It follows from (2.6.4) that we have 

(2.6.5) /(e.,e^.,«)^{; "^^^ 

for 1 < i, j < n. 

We now consider the values of Q. Since Q satisfies the relation Q{ei) — f{ei, ej+i), 
it follows, by (2.5.4) and (2.5.5) together with our assumption that Q{eN) — 0, that 



(2.6.6) Qia) = 



if i 7^ n, 

1 if i = n. 



Note that we have e^j^^ = e„+i by the previous computation. Put = e„ + e„+i. 
Then we have 

(2.6.7) Qie'J = g(e„) + g(e„+i) + /(e,, e^+i) = 0, 

fi^'n: 4+1) = /(en + en+1, 6^) = 1- 

Now put e- = Cj for i = 1, . . . ,n — 1. Then by (2.5.4) and (2.5.5), together with 
(2.6.5) ~ (2.6.7), we see that the basis {e[, . . . , e^} satisfies the relation (2.6.1). The 
lemma is proved. □ 



2.7. Let G be as in 2.1. We assume that is of split type. For each F-stable 
unipotent class C in G, we shall construct a normal form u, called a split element, 
in C^. The G^-conjugacy class of u is called the split class in C^. In the case 
where p — 2, we construct u following [Spl, II, 6.19]. First consider the case where 
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G — Sp2n with p — 2. Take a unipotent class Ca,£ of G. For each j > 1, put 







if e{X,) = 1, 


(2.7.1) 


nj = <^ A,- + 1 


if e{Xj) = e, 




[a, + 2 


if ^(A,) = 0. 



We consider the vector space Vj over of dimension rij with basis e{,...,el^.. 
Assume that a non-degenerate alternating form ( = a symmetric bilinear form) fj 
on Vj is given. Let H{Vj) be the subgroup of GLiVj) consisting of g & GL{Vj) 
which leaves the form fj invariant. Put H = Spn^{k). Then H{Vj) is regarded as a 
subgroup of H under the natural F^-structure F on H. 

One can construct Vj e H{Vj) such that {vj — l)e^ = el_i for i — 1, ... , rij (under 
the convention that = 0) with respect to the alternating form fj satisfying the 
property as given in 2.5 (with f — fj, N — rij). 

We also note that 

(2.7.2) The image of Vj e Znivj) to Anivj) gives a generator Uj of Anivj), where 
AH{vj) is of order 1 or 2. 

For each h = Xj, we shall construct a vector space Mj over Fg with an alternating 
form fj, and Uj G H{Mj) as follows. 

(a) e{h) = 1. In this case, h is even and Ch is odd or even. We put Mj = Vj and 
Uj = Vj. Thus Uj G H{Mj) with respect to /j* = fj on Mj. Since fji^^^^, e\) = 1, we 
see that the function x ^ f^{{uj — 1)'*^^.t, x) is non-trivial on Ker(-Uj — 1)'*. 

(b) e{h) = UJ. In this case h is odd and Ch is even. Assume that Xj = Xj-i = h, 
and let {Vj,fj) and {Vj-i, fj-i) be as before. Note that dimV^ = dimVj_i = Uj = 
h + lhy (2.7.1). We define an alternating form /' on Vj © by the condition that 
f'\vj — fj: f'\vj-i — fj-1 and that T^±V^_i. Let L be a line in Vj © V}_i generated 
by e{ + e{~^. Then L is an isotropic line by (2.5.5) and we put Mj = L-^/L. We 
have dimMj = 2h. Since Vj{e\) = e{,Vj^i{e{~ ) = e{~ , we see that Vj + Vj_i fixes 
L, and so it induces a linear transformation on Mj, which we denote by Uj. The 
form /' induces an alternating form fj. We have Uj G H[Mj). 

By (2.5.1) and (2.5.5), has a basis 

HenceL-'-/L has a basis 

-7 I -7—1 -i -i— 1 ~j -i— 1 -j -J— 1 

where e^, e|~^ denote the image of e|, e^~^ on {Vj ®Vj_i)/L. 

(c) £(/i) = 0. In this case, h is even and Ch is even. Assume that Xj = Xj-i, and 
consider the vector spaces Vj and Vj-i as before. By (2.7.1), we have rij — dimT^- = 
dimT^_i — h + 2. We consider the alternating form /' on Vj © Vj-i as before. Let 
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N be the subspace of Vj © Vj-i spanned by e{ + e{~^ and + e^""*^. Then is 
an isotropic subspace of Vj © V,_i of dimension 2, and we put Mj = N-^/N. We 
have dimMj = 2h. The ahcrnating form /' induces an alternating form on Mj. 
Now Vj + Vj-i stabihzed A^, and so induces a hnear transformation on Mj which we 
denote by Uj. We see that Uj e H[Mj). 
By (2.5.1) and (2.5.5), has a basis 

7 I 7 — 1 3 I 7 — 1 7 7 — 1 i i — 1 

^n^^n ^^n-l ^ ^n-li^n-2i^n-2i ■ ■ ■ i^li^l ■ 

Hence N-^/N has a basis 

|_ 1 |_ ^3 1 ^3^?' g^3 1 1 g^3 — y^3 1 — y^3 1 

'^n ^ ) ^ '^n-l' ^^71-2) ^^71-2) ■ ■ ■ ) ^^3' ^^3 ) ^2 " ^^2 ) '^l — '^l ) 

where ei,ej~^ denotes the image of ej on {Vj ® Vj_i)/N. The action of Uj on 
this basis is easily described, and by using the formulas in 2.5, one can check that 
fj{{uj — l)'^~^x, x) — for all x e Ker{uj — 1)^. For example, 

and the other cases are dealt similarly. 

We now define a vector space V as V — 0^. Mj so that dim V — 2n, and let 
/ = 0^ fj be the alternating form obtained from /°. Put u — ^ G H{V). It 
follows from the previous construction, we have 

(2.7.3) H{V) can be identified with , and under this isomorphism, the element 
u e corresponding to u gives an element in G^^. We call u a split element in 

The structure of the group Ag{u) is also described as follows (cf. [Spl, II, 6.19]) 
Take \j such that e{\j) ^ 0. We denote by cij an automorphism of Vk defined 

hy V ^ Vj{v) for v &Vj, and v ^ v ior v such that k ^ j. Then Uj induces an 
automorphism on V commuting with u, which we denote also by cij. It is checked 
that (ij G H{V), and so this gives an element of Zg{u). The image of aj on Ag{u) 
coincides with the generator aj stated in 1.4. In particular, we see that F acts 
trivially on Ag{u). This implies, since Ag{u) is abelian, that 

(2.7.4) For any u' e C|^^, F acts trivially on Ag{u'). 

2.8. Next we consider the case where G = S02n with p = 2. Take a unipotent 
class Ca,£ of G, and let rij be as in (2.7.1). We consider the vector space Vj over 
with basis e{, . . . , e^^. and a unipotent element Vj G GL{Vj) as in 2.7. By Lemma 

2.6, one can construct a split quadratic form Qj on Vj which is invariant by Vj. Let 
H{Vj) be the subgroup of GL{Vj) consisting of g which leaves Qj invariant. Let 
H = Onj{k). Since Qj is of split type, H{Vj) can be identified with the subgroup 

of H, where F is a split Frobenius map. Then by a similar argument as in 2.7, 
we obtain Uj G H{Mj) for each case (a), (b) or (c), where H{Mj) is the group of 
invariants with respect to the induced quadratic from Q^. Note that the explicit 
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computation in the proof of Lemma 2.6 shows that (5° is of spht type. As in 2.7, we 
define a vector space V — 0^- Mj and Q — 0^- and put u — Y[j Uj £ H{V). We 
have 

(2.8.1) Let G = Otn- Then H{V) can be identified with with spht Probenius 
map F, and under this isomorphism, the element u G G^ corresponding to u gives 
an element in C^^. In the ordinary case u G C^^. In the exceptional case we have 
u G (C*^^^)^ and ^(^v,) G (C^'^)^, where cr is the graph automorphism on S02n- We 
call u and the split elements in C^. 

2.9. Next we consider the case where G = Sp2n or SOn with p ^ 2. We assume 
that F is a split Frobenius map. Let q be the Lie algebra of G. Since the unipotent 
classes in G are in bijection with the nilpotent orbits in q with F^-structure, we 
consider the normal form of nilpotent orbits instead of unipotent classes. Let Ox^e 
be the nilpotent orbit in g corresponding to the unipotent class Ca.e in G. For each 
\j, we construct a vector space Mj over and a nilpotent transformation Xj on 
Mj as follows. 

(a) B{Xj) = 1. We consider a vector space Mj of dimension h = Xj with basis 
e{, . . . , e-^. We define a non-degenerate alternating form (resp. a symmetric bilinear 
form) fj on Mj in the case where G = Sp2n (resp. SOjsi) by 

(2.9.1) /.■(el_,+i,ei) = (-l)^^- for i = 1, . . . , /i, 

where 




A,/2 + i ifG^^psn, 

(A^-l)/2 + j ifG^-SOiv. 



We put the value of fj zero for any other pair of the basis. We define a nilpotent 
transformation Xj on Mj by Xj{el) = ej_^ (under the convention that Cq = 0). 
Then Xj G [)(M,), where f)(M,) is the subalgebra of Qi{Mj) consisting of X such 
that fj{Xx, y) + fj{x, Xy) = for x, y G M,-. 

(b) e{\j) — UJ. In this case is even for = h. We assume that A, = Xj-i- Wc 
consider a vector space Mj of dimension 2/i = 2Xj with basis e{, . . . , e;^, ei^"*^, . . . , e;^^^. 
We define an alternating form (resp. a symmetric bilinear form) fj on Mj in the 
case where G = Sp2n (resp. G = SOn) by 

(2.9.2) fJ{eU^^, ef') = ^//lef', = (-1)'"' for i = 1, . . . , /i, 

where £ = — 1 (resp. £ = 1) if G = Sp2n (resp. G = SOn)- We put the values of fj 
zero for any other pair of the basis. We define a nilpotent transformation Xj on Mj 
by Xjei = ej_i, X^ef^ = ejli (we put = e^~^ = as before). Then Xj G f)(M,). 

We define a vector space VhyV — 0^- Mj so that dim V — N, and let / = Ylij fj 
be an alternating form (resp. a symmetric bilinear form) on V obtained from fj. 
Put X = 0^. Xj e\){V). Then it is known by [SS], 
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(2.9.3) i){V) can be identified with g^. Under this correspondence X gives an 
element X G O^^, which we call a split element in O^^. X also determines the 
G-'^-class in C^^, which we call the split class in C^^. 

2.10. We consider the case where G = S02n with non-split Frobenius F (for 
arbitrary p). Let Fq be the split Frobenius map. Then one can write F = F^a with 
the graph automorphism a. We may choose s & G\G such that ci = ads, and fix 
it for all. Let u e G^^ be a split element in Ca,£. Since Aq{u) ^ ^g(m), there exists 
a e Ajjiu) \ Ac{u). Let a e Zq{u) be a representative of a. Since [G : G] — 2, 
there exists g E G such that a = gs. It follows that ^^u = u. Now there exists 
a G G such that a^^F{a) = g, and we have u' = aua'^ G C^^. It is easy to see 
that the G^-conjugacy class of u' is uniquely determined by a G Zq{u). For the 
exceptional case, we have u' G {C'^^)^ and (t{u') G {C'^^)^. In what follows, we fix 
a spht element u' G Cf^^ as follows. 

(2.10.1) Let G = SO^n- Let u be the split element in C£« or (C^^J^". We choose 
a — Qi & Aq{u) such that s{Xi) — 1 (resp. e{\i) ^ 0) in the case where p ^ 2 
(resp. p = 2) and that Aj is minimal under this condition. Take a representative 
dj G Z^{u) as in 2.7, and define u' G C^^ by using dj. (In the exceptional case, 
define u' G (C^ and a{u') G (C^' J^.) Wc call u' the spht element in C^^. 

Under the notation above, aFo = gF acts trivially on Aa{u) by (2.7.4). It 
follows that F acts trivially on Ag{u'). Since Ag{u') is abelian, we have 

(2.10.2) The statement (2.7.4) holds also for the case where F is of non-split type. 

Remark 2.11. The definition of the split elements for Sp2n or SO^ (for p ^ 2) 
in 2.9, 2.10 is essentially the same as the one used in [SI, 3.3, 3.7] (where it is 
called distinguished elements). Note that in the case where q = I (mod 4), 6j can 
be removed in the formula (2.9.1) by a suitable base change. Also note that the 
definition of fj involves the case where e{h) = 1 and Ch is even, which is necessary 
for later discussions, though these cases are ignored in [SI]. 

In the case of non-split groups with p 7^ 2, our definition of split elements is not 
the same as in [SI, 3.7], where it is defined by using = 0, corresponding to A, of 
maximal length instead of minimal length. This is not essential, but the definition 
here is more convenient since it produces preferred extensions of W-modulcs as will 
be seen in Theorem 4.3. (The elements defined in [SI, 3.7] do not necessarily produce 
them) . 
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3. Generalized Springer correspondence 



3.1. We review here the generahzed Springer correspondence for classical 
groups following [LI] and [LS] . In what follows, we denote by Wn the Weyl group of 
type Cn, and by the Weyl group of type Dn- Throughout the whole cases, for a 
given {L,C,£) G M.g, the cuspidal pair {C,S) is uniquely determined. So, we just 
describe L which has a cuspidal pair. 

(a) Let G = Sp2n with p ^ 2. Then (L, C,S) G A^g if and only if L is of type Cm 
for some m of the form m = ^d{d— 1) with d > 1. We have Ng{L)/L ~ W^n-id(d-i)- 
Since the set {d{d — 1) \ d > 1} coincides with the set {d{d — 1) | d G Z, d : odd}, 
the generalized Springer correspondence (1.1.3) is given by a bijection 

dez 

d odd 

(b) Let G = SOn with p^2. Then (L, C, £) G Mg if and only if L is of type 
Brn (resp. Drn) for some m such that m = ^(rf^ — 1) (resp. m = jd"^) and that 
d = N (mod 2) in the case where is odd (resp. is even) with m > 0. We have 
Ng{L)/L ~ PF(iv-d2)/2 if m > 1, and Ng{L)/L ~ Wn (resp. VT^) if m = 0, namely 
if L is a maximal torus T, in the case where N is odd (resp. N is even). Thus the 
generalized Springer correspondence is given by a bijection 

a/'g ^ U i^iN-d^y^T (N odd), 

d>l 
d odd 

■A/'g ^ W^n II ( II {W^N-d^y2r) {N even) . 

d even 

(c) Let G = Sp2n with p = 2. Then (L, C, £) G A^g if and only if L is of type 
Cjn for some m of the form m — d{d— 1) with d> 1. We have Ng{L) /L ~ W„_(i(d_i) . 
Hence as in the case (a), the generalized Springer correspondence is given by 

ATg^YI {Wn-did-i})^. 
dez 

d odd 

(d) Let G = S02n with p = 2. Then (L, C, £) G A^g if and only if L is of type 

Dm for some m of the form m = d"^ with (i > 0, even. Wc have Ng{L)/L ~ Wn-d? 
ii d> 1 and Ng{L)/L ^ if d = 0, namely if L is a maximal torus of G. Hence 
the generalized Springer correspondence is given by 

■A/G-KlI(II(W^n-.0^). 

d>0 
d even 
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3.2. The generahzed Springer correspondence for classical groups is described 
in terms of symbols. We review the notion of symbols following [LI], [LS]. Let 
r,s E Z>i, d E Z. For each integer n > 1 let ^^'^ be the set of all ordered pairs 
{A, B) where A = {ai, . . . , a^+d}, B = {bi, . . . , bm} (for some m) are subsets of Z>o 
satisfying the following conditions. 

Qi — aj_i > r + s {1 < i <'m + d), 

(3.2.1) bi-bi-i>r + s (l<i<m), 

bi > s, 

^ + ^ 6i = n + (r + s)(m + [d/2]){m + d- [d/2\) - r{m + [d/2]). 

(In the case where r + s = 0,AoTB contains elements with multiplicities. In that 
case, we regard it as a sequence of integers. ) 

Note that if r = s = 1 and d is odd the fourth condition is written as 

(3.2.2) + ^bi ^ n + ^{2m + d){2m + d - 1), 
and if r = 2, s = it is written as 

(3.2.3) J] a, + ^ 6i = n + ^((2m + d-\f - 1). 

Let X^'^ be the set of equivalence classes on X^'^ for the equivalence relation 
generated by 

{A, B) ~ ({0} Li {A + r + s),{s}U{B + r + s)), 

where A + r + s denotes the set {oi + (r + s), . . . , Um+d + {r + s)} and so on for B. 
We put 

= II xz- 

d odd 

An element in X^'^ is called an (r, s)-symbol of rank n and defect d, which we also 
denote by {A, B). 

We consider the special case where s = 0. In that case, [A, B) ^ [B, A) defines 
a bijection from to X^J^_^ and so induces an involution of each of the following 
sets, 

vr,o _ TT x'^'^ x'^^^ — TT x'^^^ 

^n, even — J_l_ ^n,d' ^n, odd ~ J_L ^n,d- 
d even d odd 

Let Y^^ (resp. Y^^ ^^^^ be the set obtained as the quotient of X^J^^^^ (resp. 
^n'^cvcn) by this involutiou, with the convention that the symbol invariant by the 
involution, i.e., the symbol {A, A) which we call the degenerate symbol, is counted 
twice. For d > 0, the image of in or F^' g^g^ is denoted by F^^. One can 

regard the element in as a symbol (A, B) in X^f^ considered as an unordered 
pair. 
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3.3. The set is parametrized by ordered pairs of partitions {a, (5) such 
that \a\ + \[3\ = n. For a fixed G Z, one can express the partitions a,P as 
a : ai < a2 < ■ ■ ■ < am+d, /5 : A < /92 < ■ ■ ■ < /9m for a suitable m, by allowing 
in the entries. Then {A, B) G X„'^ for A = {ai, . . . , am+d}, B = {Pi, . . . , Pm}, and 
this induces a well-defined bijection between and The same map induces 

a bijection between and F^°^ if d > 1. On the other hand, the set (VT^)^ is 
parametrized by unordered pairs of partitions {a, (3) such that \a\ + — n, under 
the convention that {a, a) is counted twice. Thus in a similar way as above, we have 
a natural bijection between {W'^)^ and Y^q. 

For a given r, s, d, we define a symbol = {A, B) as follows. 

A = {0,(r + s),...,(d-l)(r + s)}, S = if d > 0, 

^ = 0, S = {s,s + (r + s),...,s + (-d-l)(r + s)} if d < 0, 
A = 0, S = if d = 0. 

It is easy to see that A^f e -^no^ with no = (r + s)[(i/2]((i — [d/2]) — s[d/2], and 
that the set X'^^^^ consists of a unique element A^f. In the case where s = 0, let tI^ 
be the image of A^f under the map 

Kid Ko,d- For each d e Z, one can define a 

map 

(3.3.1) Xy„ H^K'd: A^A + AY, 

which gives a bijection X^^^^^ ^ ~ K^d- (Note, in general, that the sum of two 
symbols A, A' with the same defect is defined by choosing representatives A = 
{A,B),A' = {A',B') such that \A\ + \B\ = \A'\ + \B'\, namely of the same shape, 
and then by adding entry- wise.) Similarly for each d > 0, one can define a bijection 

(3.3.2) yi^^^,^y:^„ a^a+a:,. 

Combining (3.3.1) with the bijection W^_^^ ~ -^n-no d above, we have a bijection 

(3.3.3) Wtn, ^ XI::,. 

Similarly, combining (3.3.2) with the bijections W^_^^ ~ ^-no,d for c? > and 

i^n-nX - ^n-no,0' ^C haVC bijcctioUS 

(3.3.4) <-„o-^r:,<i (^>0)' 



3.4. A symbol (A, B) G X^'^^ is said to be distinguished if c? = or 1, and 
ai <hi <a2 <h2 < ■ ■ ■ < am<hm (c^ = 0), 

Oi < 6i < 02 < 62 < • • • < Om < ^'m < ^m+l {d = 1). 
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A symbol {A, B) e Y^^^ for d > is said to be distinguished if it is an image of a 
distinguished symbol in X^^^. 

Assume that r > 1. The two symbols {A^ B) ^ {A' , B') G X^'^ are said to be 
similar il AUB = A'UB',Ar\B = A'CiB', namely under some shift, AUB coincides 
with A'UB' with multiplicities. This defines an equivalence relation on the set X^'*, 
and an equivalence class is called a similarity class in X^'^. A similarity class in 

even '^^ odd defined in a similar way A similarity class in ^^^^^ containing 
(A, A) is called a degenerate class, which consists of two copies of (A, A). It is easy 
to see that each (non-degenerate) similarity class contains a unique distinguished 
symbol. 

It is known by [LI], [LS] that a similarity class in X^^^, Y^^ ^^^^ or Y^^ is in 
a natural way regarded as a vector space over F2 as follows. Let A — [A, B) be a 
distinguished symbol in a similarity class C in X^f, Y^ ^^^^ or YJ^ We assume 
that A ^ B ii {A,B) e Y^ and put S = {AU 'b)\{A f] B). Then 5 7^ 
and it is written as = {ci, C2, . . . , q} in an increasing order. A non-empty subset 
/ = {cj, Cj+i, . . . , Cj) of 5" is called an interval if Cfc+i — Cfc < r -|- s for i < A; < j 
and it is maximal with respect to this condition. We say that q is the tail of /. An 
interval is called an initial interval if q < s. Hence the initial interval exists only in 
the case where s > 0, and in that case, it exists uniquely after some shift. 5* is a 
disjoint union of intervals. 

Assume that C C X^^^ . Let / be an interval which is not initial with the tail 
c. \{ c E A (resp. c E B), then there exists a unique {A',B') G C such that c E B 
(resp. c E A) and that A f] J = A' f] J, B D J = B' n J ior all other intervals J. 
This means that {A', B') is obtained from {A, B) by permuting the entries in the 
interval /. All the symbols in C are obtained from [A, B) by permuting the entries 
in certain intervals. Let X be the set of non-initial intervals in S and V{I) the set 
of all subsets of T. The above argument shows that C is in bijection with the set 
P(X), which has a natural structure of F2 vector space with origin A and is denoted 
by V2". In the case where C C Y^ ^^^^ or C C Y^ (C: non-degenerate), C is in 
bijection with the quotient set of V{I) under the relation /C ~ X\/C for /C E V{I). 
Hence C is identified with the F2 vector space V^y'^L, where L is a hne generated 
by X G P(X), which we denote by VJ. 



3.5. Let G be as in 3.1. We associate the sets X^'^,Y^ even; odd 
Sp2n,S02n,S02n+i with p ^ 2 and X^^^,Y^^ for Sp2n,S02n with p 2. Re- 
call no in 3.3. 



(a) The case X^'^. We have r = s = 1, and no = \d{d — 1) for odd d. Hence 
(3.3.3) implies a bijection 

K'' U (w^„_l,(,_l))^ 

dez 

d odd 
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(b) The case ^^^^ or Y^ We have r — 2,s — 0, and tiq — \(P for even d 
and Uq — — 1) for odd d. Hence (3.3.4) imphes bijections 

Yl odd ^ II (W^n-i(.2_l))^ 

d>l 
d odd 

^„%ven - W II( II(W^n-i.^)r)- 

d even 

(c) The case X^^"^. We have r = s = 2, and uq — d{d — 1) for odd d. Hence 

(3.3.3) imphes a bijection 

^n'' ^ II (W^n-<i(d-l))^ 
d odd 

(d) The case g^g^. We have r — A, s — 0, and no — d'^ for even d. Hence 

(3.3.4) imphes a bijection 

>;%ven- wiI(II iw^-d^r). 

d>0 
d even 

3.6. Let X = Xy,Yl ^^^,Yl g^g„ or X^'^Y^^ g,g„ according as G - Sp2n, 
S02n+i, S02n with p 7^ 2, or G = Sp2n, S02n with p = 2. In view of the bijections 
in 3.5 and the discussion in 3.1, the generahzed Springer correspondence can be 
described by giving a bijection between Ac and X. By [LI], [LS], this bijection is 
given exphcitly in such a way that the set Guni/ ~ of unipotent classes in G is in 
bijection with the set X/~ of similarity classes in X. In what follows, we define a 
map p : Guni/~-^ X/~ by associating a distinguished symbol A — p{C) e X for 
each unipotent class C in G. 

(a) G = Sp2n with p ^ 2. Let Gx be a unipotent class of G as in 2.2, where 
A is a partition of 2n. We express A as Ai < A2 < • • • < X2m for some m, by 
allowing in the entries if necessary. We divide the sequence {Ai, A2, . . . , \2m} into 
the union of blocks as follows. If Aj is even, let {Ai} be a block, li Xi = h is odd, 
the sequence = {Xk \ A^. = h} consisting of even elements, which we write as 
{Aa, Aa+i, . . . , Xb} for some b > a. Then we divide A^ into a disjoint union of two 
elements blocks {Aa, Aa+i} U {Aa+2, Aa+3} U ■ ■ • U {Afe_i, A;,}. We define a sequence 
J^i, ■ ■ ■ , ^ follows. Put 

= Xi/2 + i if {Xi} is a block, 

i/j = i/j+i = (Ai + l)/2 + i if {Xi, Aj+i} is a block, 

and put A = {0, 1/2, 1^4, ■ ■ ■ , ^2m}, B = {ui, 1/3, ... , i^2m-i}- Then A = {A, B) gives 
rise to a distinguished symbol in X^'^, which is independent of the choice of m, and 
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A gives the required bijection p. Actually, the map p was defined in [LI, 11.6]. 
Although the definition given there is not the same as ours, it is easily checked that 
they coincide with each other. 

(b) G = SOn with p ^ 2. Let C\ be a unipotent class of G as in 2.2, where 
A is a partition of N. We choose M such that M = N (mod 2) and express A as 
Ai < A2 < • • • < Am- We divide the sequence {Ai, A2, . . . , Am} into the union of 
blocks as follows. If A, is odd, let {A^} be a block, li Xi — h is even, the sequence 
Ah = {Afc \ \k = h} consists of even elements. As in the case (a), we divide A^ as 
a disjoint union of two elements blocks, {Xa, Xa+i} U {Aa_|_2, Xa+3} U • • • U {Ab_i, A;,}. 
We define a sequence z/i, • • • , t^M as follows. Put 

— — + i if {\} is a block, 

i/i = i/j+i = (Ai -2)/2 + i if {Xi, Aj+i} is a block, 

and put A = {ui, U3, ■ ■ ■ , i^[(M+i)/2]}, B = {u2, 1^4, ■ ■ ■ , Then A = {A, B) gives 

rise to a distinguished symbol in or ^^^^ according as is odd or even, 

which is independent of the choice of M. The map Cx ^ A gives the required 
bijection p. The proof follows, as in the case (a), from the discussion in [LI, 11.7]. 

(c) G = Sp2n with p = 2. The map p is defined in [LS, 2.1]. The following 
definition is slightly modified from the original one so as to fit to the ). Let 
Ca,£ be a unipotent class of G as in 2.3, where A is a partition of 2n. Here A is the 
same as in the case (a), and we express it as A 1 < ■ ■ ■ < A 2m for some m. We use the 
convention that £(0) = 1. We divide the set {Ai, A2, . . . , A2m} into a disjoint union 
of blocks as follows. If e{Xi) = 1, then {Xi} is a block. If e{Xi) = or for Aj = h, 
the sequence Ah = {Xk \ Xk = h} has even cardinality, and it is divided into blocks 
as in the case (a). We define a sequence ui, . . . , U2m as follows. 

(i) If {Xi} is a block, put 

Ui = Xi/2 + 2i. 

(ii) If {Ai, Aj+i} is a block and e{Xi) — uj, put 

Vi = {Xi + l)/2 + 2i, 

Vi+l =Ui + l. 

(in) If {Aj, Aj+i} is a block and e{Xi) — 0, put 

i^i = (A, + 2)/2 + 2i, 

Vi+i = n- 

Put A = {0, z/2, z/4, . . . , U2ra}, B = {ui, U3, . . . , V2m-i} ■ Then by [LS, 2.2], A = {A, B) 
gives rise to a distinguished symbol in X^'^, which is independent of the choice m, 
and Ca,^ ^ A gives the required bijection 

(d) G = S02n with p = 2. The map p is defined in [LS, 3.1]. Let Ca,£ be a 
unipotent class in G. X is the same as in the case (c), and we define the block in the 
same way as the case (c). However, here we use the convention that £(0) = 0. Note 
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that in the sequence {Ai, . . . , X2m} the multiphcity of is even since the number of 
non-zero Aj is even (cf. 2.3). We define a sequence i/i, . . . , as follows. 

(i) If {Aj} is a block, put 

= (Ai - 6)/2 + 2i. 

(ii) If {Ai, Aj+i) is a block and e{\i) = uj, put 

Ui = (Ai - 5)/2 + 2i, 
i/i+i = i/j + 1. 

(iii) If {Aj, Ai+i} is a block and s{Xi) = 0, put 

Ui = (Ai - 4)/2 + 2i, 

Put A = {i/i, U2m-i}, B = {u2, 1^4, ■ ■ ■ , V2m} ■ Then by [LS, 3.2], A = {A, B) 

gives rise to a distinguished symbol in g^^^, which is independent of the choice of 
m, and C\^^ i— > A gives the required bijection. 

3.7. We return to the setting in the beginning of 3.6, and let p : Gum/~— X/r^ 
be the bijection constructed in 3.6. By making use of p, we shall construct a bijection 
p : Mg X . For a unipotent class C in G, let C be the similarity class in X 
containing the distinguished symbol A = p{C). Take u & C. As discussed in 3.4, C 
has a natural structure of F2-vector space V^^ for X — X^;^ or X'^'^ with the basis 
corresponding to the set of intervals. Since Ag{u) is an elementary abelian 2-group, 
it has a natural structure of F2-vector space, and so does the dual group Aciu)^. 
It was shown in [LI, 11], [LS, 2.2] that V^'* is naturally identified with Ag{u)^, 
where the set of intervals is in bijection with the set of generators in Ag{u) given in 
2.4; if I is an interval corresponding to the generator Oi of Ag{u), we associate the 
character Xi of Ag{u) which takes the value —1 for a, and 1 for other generators. 
Similar argument also works for the case where X = Y^^ ^^^^^ and Y^ and 

by [LI, 11], [LS, 3.2] is naturally identified with Ag{u)^. Hence the similarity 
class C can be identified with Ag{u)'^. 

On the other hand, for a fixed C, G-equivariant simple local systems on C are 
parametrized by Ag{u)'^. Thus combining with the above argument, we obtain a 
bijection p : Mg — ^ X. This bijection describes combinatorially the generalized 
Springer correspondence, namely. 

Theorem 3.8 ([LI, 12.3,13.3], [LS, 2.4, 3.3]). LetG he as m 3.1. Then the composite 
ofp with the bijection in 3.5 gives the generalized Springer correspondence in 3.1. 

4. Mail results 

4.1. Let G be as in 2.1 and we apply the argument in Section 1 for G. First 
consider the case where G is of spht type. For each unipotent class C' in G, we 
choose a split element u e C'^ described in Section 2, i.e., (2.9.3) for G — Sp2n or 
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SOn with py^2, (2.7.3) for G = Sp2n with p = 2, (2.8.1) for G = ^Ojv with p = 2. 
For each pair {C G we fix an isomorphism ipQ = ips' '■ F*£' £' in 1.6 so 
that the induced isomorphism £'^ is identity. (Note that F acts trivially on 

Ag{u). This is known by [SS] for the case where p 7^ 2, and follows from (2.7.4) 
for the case where p = 2.) Take (L, C, £) E Mq. Then L is of the same type as G 
of split type. Thus wc choose the split clement Uo G C^. Wc fix an isomorphism 
(po : F*£ — > (£" in 1.6 so that the induced isomorphism £uq is identity. Let 

y{C',£') be the irreducible W-module and (J{c' ,e') be the isomorphism on V(^c',£') given 
in 1.6. Since F is of split type, F acts trivially on W and so a(^c',£') commutes with 
the action of W. It follows that a[c',e') is a scalar map. 

Next consider the case where G = S02n with F = F^a of non-split type. We 
choose the split elements u' G C'^ and u'q G as in 2.10, and fix i/jq = ipsi^tpQ 
as above. (Again F acts trivially on Aciu') by (2.10.2).) Let {L,C,£) G Mq- If 
L 7^ T, W is a Weyl group of type B and so F acts trivially on W. Hence (7(c',e') 
is a scalar map. While if L = T, W = is the Weyl group of type and 
F acts non-trivially on W. Note that a acts on W'^ and the semidirect product 
W'^ XI (a) is isomorphic to Wn- Assume that Vic'.e') = F vs, F-stable. Then F can 
be extended to an irreducible representation E of Wn via the map 0(c',£')- Since 
(7~^ o U(c' ,£') commutes with the action of >V, it acts as a scalar on E. Thus in order 
to describe the map 0{c',£')i we have only to determine this scalar together with the 
representation E. 

We recall the preferred extension E of Wn due to [L2, IV, 17.2]. An F-stable 
irreducible representation E of W'^ is parametrized by an unordered pair (a; fT) of 
partitions such that \a\ + = n and that a ^ [3. We write o; : ai < ■ ■ ■ < 
P : Pi < ■ ■ ■ < Pm, and define a symbol Ae associated to E by an unordered pair 
(A; fi) with Aj = Q;j + i — 1, /ij = (3j + j — 1. (This is a different type of symbols from 
those appeared in Section 3.) Irreducible representations of Wn are parametrized in 
a similar way, but by using an ordered pair {a; jS) and its associated symbol (A; /x). 
For an F-stable irreducible representation E, there exists two extensions to Wm 
which correspond to two symbols (A; /i) and (/x; A) for Wn- An extension of i? is 
called the preferred extension of E if in the symbol yl^, the smallest number which 
does not appear in both entries appears in the second entry. For example, (n; 0) is 
the symbol associated to the unit representation of PF^, and it is extended to the 
unit representation (n; 0) or the long sigh representation (0; n) of Wn- In this case, 
(n; 0) is the preferred extension. 

We can state our main results. 

Theorem 4.2. Let G = Sp2n, SOn with F of split type (N is even if p — '2.). Then 
^5 g('^o+'')/2 times identity. 

Theorem 4.3. Let G — S02n with F of non-split type. 

(i) Suppose L ^T. Then (J{c',£') is q'("o+^)/2 times identity. 

(ii) Suppose L = T. Then ac',£' — q^"'°'^'^^^'^a , and W^{a)-module E coincides 
with the preferred extension of E. 

In view of Lemma 1.11, we have the following corollary. 
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Corollary 4.4. Let G be as in 2.1. For each {C',£') e J\f^, choose -00 : F*E' 2^8' 
by choosing a split element u E C . Let 7 be the constant as in LIO. Then we have 
J — 1, namely we have Yj — Yj^ for j — (C, S'). 

4.5. We prove the theorem by making use of the restriction formula in Corol- 
lary 1.9. We choose a standard parabolic subgroup Q = MUq such that the Levi 
subgroup M of Q is of the same type as G with semisimple rank n — 1. Take 
(L, G, £) G J^Q and let P be the F-stable standard parabolic subgroup of G whose 
Levi subgroup is L. Then we have P G Q and L G M. Take (C, S') G J^f^, and 
take a spht element u e G'^ . Also take {Gi,£i) e J\f^, and choose a split element 
V e G[. Let p (resp. pi) be the irreducible representation of Aa{u) (resp. Am{v)) 
corresponding to S' (resp. Si). Since F acts trivially on Ag{u) and Am{v), the 

extension p® p\ to in 1.8 is just the trivial extension oi p ® p\. Then we 

have the following lemma. 

Lemma 4.6. Assume that F acts trivially on W and on Wi. Let E e (resp. 
El e Wf^j be corresponding to {G',S') e Ag (^resj?. (Ci,£i) e A/My*; and assume 
that El occurs in the restriction of E to Wi. Suppose that the theorem holds for 
If ^u,v 7^ o-nd F acts trivially on Xu,v, then the theorem holds for o'(^c',£')- 

Proof. We follow the notation in Section 1. Since Ei occurs in the restriction of E 
to Wi, 7^ in (1.6.1). Since <7(c',£') and <7{Ci,£i) is a scalar map. (is^^gi is also 
a non-zero scalar map by (1.6.2). Since F acts trivially on X^^v, ^u,v is the trivial 
extension of eu,v to A{u, v) = {t)xA{u, v). It follows that 

{£u,v, P ® PDaMt = {^u,v, P ® P*i)a{u,v) ■ 
Then Corollary 1.9 together with Corollary 1.5 implies that 

Tr {a£,,s', Me,) = ^-'^c^.c+dimc/g dimMe,, 

and we see that (Js,,£' is a scalar map by g~'^c7i,c'+'i™^Q^ gy assumption, o"(Ci,£i) 
is a scalar map by gK+^')/2^ where aQ,r' are as in 1.10 with respect to M. Thus 
again by (1.6.2), we see that a(^c',e') is a scalar map by □ 

4.7. In view of Lemma 4.6, it is important to know the Frobenius action on 

Xu,v We note that 

(4.7.1) Zg{u) X Zm{v)Uq acts transitively on the set Yu^v 

In fact, put Qufii = {gQ G G/Q \ g~^ug e GiUq}. Qu,Ci is a locally closed 
subvariety of G/Q. We have a surjective morphism — Qu,Ci,9 ^ 9Q, which 
induces an isomorphism Y^^y/ Zm{v)Uq ~ Qu,Ci- It is known by [Spl, II, 6.7] that 
Zg{u) acts transitively on Qu,Ci- (4-7.1) follows from this. 

Lemma 4.8. IfY^.^ ^ then F acts trivially on Xu,v 

Proof. By (4.7.1), the closure of ZQ{u)gZ^{v)UQ in Y^^^ {g e Yu^y) gives an element 
X £ Xu,v, and Ag{u)xAm{v) gives all the irreducible components in Y^^y. We can 
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choose g e Yu,v Hence Z^{u)gZ^{v)UQ is F-stable, and so is x. Since F acts 
trivially on Ag{u) and Am{v), F stabilizes all the irreducible components in 1^ „. □ 

4.9. Assume that F is of split type. For each u e , we shall give v e 

such that Y^^ ^ 0. Let K and / b e as in 2.1. Note that G/Q can be identified 
with the subvariety of P(y) consisting of (x) for isotropic vectors x with respect to 
/ {{x) denotes the line spanned by x). Under the setting in 2.7, 2.9, we consider 
the vector space V — which is identified with . In the following cases, we 

can find g G G^ such that g~^ug e Q and that v = 7r{g~^ug) is a split element in 
M {n : Q ^ M is the natural projection). In particular, we have g G Y^^- In the 
discussion below, we identify the partitions with the corresponding Young diagrams. 
First we consider the case where G = Sp2n or SOn with p ^ 2. 

(i) Take Mj such that e{\j) = 1. Let ej, . . . , e;^^ be the basis of Mj with h = Xj 
given in 2.9 (a). The stabilizer of (e{) in G is a parabolic subgroup gQg~^ with 
some g G G^. The nilpotent transformation Xj on Mj induces a map Xj on M, = 

/ {e{), and one can define a nilpotent element X on Mj ® ^j/^jMj/. This 
determines a unipotent element 7i{g~^ug) = v in M^ which is a split element. In 
this case v is of type A', where A' is obtained from A by replacing one row h such 
that e{h) = 1 by /i - 2. 

(ii) Take Mj such that e{Xj) — 1 and that Ch is even for h = Xj. We choose j 
such that Xj — Xj-i — h and consider Nj — Mj ® Mj_i with /j = fj + Thus 

Nj has a basis e{, . . . , e;^, e'j"^, . . . , e^~^. By our construction, we have 

/i(ei,el) = -/i_i(er\en = ±l. 

We consider Nj — {xf~ / (x) for x — e{+e{~^. The nilpotent transformation Xj +Xj_i 
on Mj®Mj^i induces a linear map Xj on iVj, and one can define a nilpotent element 
X on Nj © ^ Mjv. This determines a unipotent clement n^g^^ug) = f in M of type 
A', where A' is obtained from A by replacing two rows of length h by two rows of 
length h — 1. It is easy to see that v is a, split element in M^. 

(in) Take Mj such that e{Xj) — lo. Put h — Xj. We choose a basis of Mj as in 
2.9 (b). Let X = e-j"^. Then x is an isotropic vector with respect to jj. Now 
Xj induces Xj on Mj — (x)"*" /(x), and one can define X on Mj © ©j/^^ ^y- This 
determines a unipotent element u = vr (fif-^Mfif) G M^. In this case, V is of type A', 
where A' is obtained from A by replacing two rows of length h by two rows of length 
h — X. It is easy to see that v is a split element in M^ . 

It is known (cf. [SI]) that if Y^^^ ^ 0, for u G CA,t' G Ca', then A' is obtained 
from A by the procedure described above. Hence if v is split, it coincides with one 
of the above cases. It follows that 

Proposition 4.10. Let G = Sp2n or SOn with p ^ 2. Assume that F is of split 
type. Let u G G^ and v G M^ he such that Y^^y ^ 0. Assume that u, v are split 
elements. Then F acts trivially on X^^y . 
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4.11. Next we consider the case where G — Sp2n with p — 2. We keep the 
setting in 4.9, in particular assume that F is of split type. 

(i) Choose Mj as in 2.7 (a), i.e., the case where e{h) = 1 for h = \j. Vj induces 
a linear map Vj on Mj = {e{)^ / {e{) and one can define v on Mj © ©j'^i '^^^^ 
determines a unipotent element T:{g~^ug) = f G M for some g G . v is contained 
in the class Ca',£' in M, where A' is obtained from A by replacing one row of length 
/i by a row of length h — 2, and e' is given by e'{h — 2) = 1 and £'(A^) = s{\k) if 
A'j, ^ h — 2. By our construction of the form fj in 2.5, we see that f is a split element 
if /i — 2 does not occur in the row of A, nor h — 2 occurs and s{h — 2) = 1. 

(ii) Assume that Ch > 2 and e{h) = 1 ior h — Xj, and take Xj — Aj_i = h. 
We consider Mj = V^- Vj^i with fj = /° + f^_^, where /°, T^- are as in 2.7. Let 

X = e{ +e{~^. Put Mj = (x) / (x). Then Vj + Vj^i induces a unipotent element Vj on 
Mj. This determines Ti{g~^ug) = v of M-^ as before. This construction is exactly 
the same as the one in 2.7 (b). Hence v is contained in Ca'.e' in where A' is 
obtained from A by removing two rows of length h by two rows of length h — 1, and 
e'{h — 1) = a;, e'{h') — e{h') for all h' ^ h. In this case, v is a split element without 
any condition. 

(iii) Choose Mj as in 2.7 (b), i.e., the case where e{h) = uj. The basis of Mj 
is given in 2.7 (b). Then Mj = / {e{) has a basis e^_i, e^~\, . . . , e^, e^~^ (we 
use the same notation for the image on Mj as the one in Mj). Thus the induced 
linear map Vj on Mj is just a sum of two copies of nilpotent elements as given in 
2.7 (a) with respect to the induced form fj on Mj. It follows that v determines a 
unipotent clement 7r{g~^ug) = v E M. v is contained in Cy where A' is obtained 
from A by replacing two rows of length h by two rows of length h — 1. s' is given 
by e'{h — 1) = 1, and is the same as e for all other h' ^ h. In particular, v is a split 
element if /i — 1 does not occur in the rows of A nor e{h — 1) = 1. 

(iv) Choose Mj as in (iii). Under the notation there, put x = e{ + e^~^- Then 
Mj = (x)"*" / (x) has a basis exactly the same as the basis of N-^/N in 2.7 (c). Thus 
the induced map Vj on Mj determines a unipotent element ■n{g~^ug) = of M in 
the same way as above. ^; is a split element in M and is contained in Ca',^', where 
A' is obtained from A by replacing two rows of length h by two rows of length h — 1, 
and e'{h — 1) = if /i — 1 does not occur in A nor if e{h — 1) = 0. 

(v) Choose Mj as in 2.7 (c), i.e., the case where e{h) = 0. The basis of Mj is 
given in 2.7 (c). Then Mj = {e{f / (e{)has a basis 4-i + en-i> 4-2> 4-2> • • • , ^i'^^ 
^2 — ^2~^- Thus the induced linear map Vj on Mj is the same as the case (b) as 
above with respect to the induced form fj. It follows that v determines a unipotent 
element Tr{g^^ug) = v G M. v is contained in Cy^s' where A' is obtained from A 
by replacing two rows of length h by two rows of length h — 1, and e' is given by 
s'{h — 1) = a; if /i — 1 does not occur in the rows of A. In this case, w is a split 
element without any condition. 

Finally, we consider the case where G = S02n with p = 2. The argument in the 
case of G = Sp2n with p = 2 works well for this case under a suitable modification, 
since in each case of (II), the induced quadratic form is of the same type as the 
original one, and so one can check easily that v is a split element. 
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4.12. We consider the counter part of Proposition 4.10 and 4.11 for the case 
where F = Foa is of non-spHt type. We assume that G = S02n {p '■ arbitrary) and 
G = 02n- Let u G and v E Cy\, be spht elements as in 4.9 or 4.11, and assume 
that Y^!^ 7^ 0. Take g G Y^!^. Then g~^ug G vUq. By replacing u by g~^ug (an 
element in the split class) we may assume that u G vUq. Let a = G Zq{u) be as 
in (2.10.1) and a G Zq{u) be its representative. Let a' G A^{v) be defined similar to 
a. We assume that a and a' are both related to the row of the same length in A and 
A'. By the explicit description of the element d G Zq{u) (see 2.7 --^ 2.10), we see that 
a normalizes Q. It follows that a G Z^{v), which gives a representative of a'. Let 
us write a — xs and let a~^F{a) = x be as in (2.10.1). Since we may take s G M, 
we have x G M, and so a G M also. Let u' — aua~^ G Cfj^ v' — ava"^ G C^, ^, be 
split elements as given in (2.10.1). We have the following lemma. 

Lemma 4.13. Let the notations he as above, andu,v (resp. u\v') he split elements 
with respect to Fq (resp. F). Then under the assumption in Proposition 4-iO or 
4-11, F acts trivially on the set X^'.v'- 

Proof. Since a G M, ad a maps Y^^^ onto Y^ry, and so induces a bijection between 
Xu^y and Xu'y- Since dFo = xF, ado; maps dFo-stable elements of X^^^ to F-stable 
elements of Xu'y- In view of Proposition 4.10 and 4.11, we may assume that Fq acts 
trivially on the set Xu,v Hence in order to prove the lemma, it is enough to show 
that any element in Xu,v is stable by add. Now an irreducible component of Yu^v is 
expressed as the closure of ZQ{u)gZ^{v)UQ for some g G Yu,v By our choice of -u, f , 
we may take g = I. Then Zq{u)Zm{v)^Uq is stable by add, and so there exists an 
irreducible component stable by add. Since Ag{u) x Am{v) acts transitively on the 
set and a commutes with Aciu) and Am('I'), we conclude that add stabilizes 
each element in This proves the lemma. □ 

4.14. In order to apply Lemma 4.6, we need first to know the condition 

for Xu^v 7^ 0- By the isomorphism Yu,v/Zm{v)Uq ~ Qu,Ci in 4.7, the elements in 
Xu,v corresponds to the irreducible components of Qu,c'i of dimension {dim Zg{u) — 
dimZM{v))/2. The condition for Ci for the existence of such an irreducible compo- 
nent in Qu,Ci is described in [Spl, II, 6.7]. By making use of 3.6, it is interpreted in 
terms of the symbols (cf. [LS, 2.6]); 

(4.14.1) Let A = pg{u),A' = pm{v) be the distinguished symbols associated to u 
and V. Then X„ „ 7^ if and only if A' is obtained from A by decreasing one of the 
entries of yl by 1. 

Let E G W^,Ei G be as in Lemma 4.6. In applying the lemma, we also 
need to know when Ei appears in the restriction of E. This is given as follows (cf. 
[LS, 2.8]). 

(4.14.2) Let X be the set of symbols as in 3.6. Let {A,B) G X corresponding to 
E G W^. Then Ei G Wi appears in the restriction of E if and only if the symbol 
{A', B') corresponding to Ei is obtained from {A, B) by decreasing one of the entries 
in A or 5 by 1. (This holds also for the case of degenerate symbols, li E,E' G 

are corresponding to the degenerate symbol {A, A) and its copy, E and E' have the 
same restriction on Wi, and its components are parametrized by symbols obtained 
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by decreasing one of the entries in {A, A) by 1.) In particular, if Ei appears in the 
restriction of E, we have X^^y ^ 0. 

4.15. We are now ready to prove Theorem 4.2. So, assume that F is of spht 
type. First consider the case where G = Sp2n SOn with p ^ 2. By induction 
on the rank of G, we may assume that the theorem holds for Sp2n-2 or SOn-2- 
Let {C',£') e Mg be corresponding to E e W^. Let E^ e W^" be an irreducible 
component of the restriction of E, and {Ci,Si) G A/m be the corresponding element. 
We choose the split elements u G C'^ and v G C[. Then Xu,v 7^ by (4.14.2), and 
F acts trivially on Xy_^y by Proposition 4.10. Thus the assertion holds for a(^c',e') by 
Lemma 4.6, and the theorem follows. 

Next we consider the case where G — Sp2n or S02n with p — 2. Since the result 
in 4.11 is somewhat weaker than Proposition 4.10, we need a more precise argument. 
Let Ai < A2 < ■ ■ ■ < be the sequence of A as in 3.6, and A be the distinguished 
symbol associated to A. For a given integer h, let Ah = {Xj, Xj+i, • • • , Afc} be the 
subsequence consisting of A, — h. We say that I — {a, . . . ,b} {a < b) is & semi- 
interval if / corresponds to the sequence A^ under the construction of A in 3.6 (c), 
(d). The element a is called the tail of the semi-interval /. They have the following 

forms. We denote by /^'•^^ the semi- interval corresponding to h and e{h). 

{{a,a + 2,a + A,a + 6,...} ii e{h) = 1, 

{a, a, a + 4, a + 4, a + 8, a + 8, • • • } if e{h) = 0, 

{a,a + l,a + 4:,a + 5,a + 8,a + 9,- ■ ■} if e{h) — uj. 

For two semi-intervals / = {a, . . . ,b},I' = {a', . . . ,b'} with b' < a, the distance of 
/, /' is defined by a — b'. It is easy to see that the distance of two semi-intervals is 
always > 3. The case where the distance is 3 occurs in the following three cases; 

The semi-interval / is a part of an interval unless I — I^, and if the distance of / 
and /' is equal to 3, they arc joined to be a part of one big interval. This explains 
the condition of generators of Aciu) in 2.4. 

By induction, we may assume that the theorem holds for the smaller rank case. 
Let E G corresponding to (C, 8') G Mg- Let A be the distinguished symbol 
associated to C . We write C = G\^e- Suppose that there exist two semi-intervals 
/ = {a, . . . , 6}, /' = {a', . . . , 6'} such that the distance a — 6' > 5. Then a is also 
a tail of an interval, and it is easy to check that one can decrease a by a — 1 in 
A to obtain a new symbol A'. This procedure is also vahd for a symbol similar to 
A. Moreover if a corresponds to h, and a — 1 corresponds to h' = h — 1 oy h — 2 
under Ca,^ ^ A, then we have Ch' — 0. Let Ca',£' ^ A' with v G G^, There exists 
{Ci,£i) G Mm {Ci = CA',e') corresponding to Ei G such that Ei occurs in the 
restriction of E. By making use of 4.11, we see that Y^^ 7^ for a split element 
V G Ca',£', and so F acts trivially on X^^^, by Lemma 4.8. Now Lemma 4.6 can be 
applied to show that the theorem holds for a(^G',£')- 
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Thus it is enough to consider the case where the distance of /, /' is < 4. Let 
/ = There are three possibiUties for /' with distance < 4, i.e., /' = /^_2> ^k-i 
For each case, one can find (Ci, Si) ^ Ei with a spht element v G C[ = Cy 
to which Lemma 4.6 can be apphed. For example consider the case where /' = 
Then by (4.15.1), 

/' = {..., a -4, a -4}, / = {a, a + 1, . . . , } 

for some a. It follows that a is the tail of an interval. One can replace / by 
J = {a, a, . . . } which produces a new symbol A' corresponding to Ca',^'. This works 

also for a symbol {A, B) similar to A, where {A, B) ^ E. Now A' is obtained from 
A by replacing two rows of length h by two rows of length h — 1. Since e{h — 1) = 0, 
we have e'{h — 1) = and 4.11 can be applied to show that 7^ for a split 
element v e Cy and we get the assertion in a similar way as above. The other 
cases are dealt similarly. 

Now we may assume that A consists of even rows. Assume that there exists h 
such that e{h) = 0, and consider a semi-interval / = I^. There are two possibilities 
for I' whose distance is < 4, i.e., /' = /^_2 or /°_2- First assume that /' = 11-2- 
Then 1,1' is written as 

/' = {..., a - 6, a - 4}, / = {a, a, a + 4, a + 4, . . . } 

by (4.15.1). Then one can replace the tail a of / by a — 1, which divide / into two 
semi-intervals 

J^ = {a-l,a}, J2 = {a + 4, a + 4, ...}, 

and J'U Ji form a part of some interval. The situation is the same for a symbol {A, B) 
similar to A. This produces a new symbol A' ^ Cy^e' where A' is obtained from A 
by replacing two rows of length h by two rows of length h — 1 where e'{h — 1) — uj. 
Hence by 4.11, we have Y^^ 7^ for a split element v e Ca',£'. Another case is dealt 
similarly. 

Finally we may assume that A consists of even rows h with £{h) = 1. We consider 
I ^II, r ^ Then we have 

/' = {..., a - 5, a - 3}, I ^ {a,a + 2,a + 4, . . .}. 

Note that /, /' are a part of a common interval. By replacing a by a — 1, we have 
new semi-intervals 

J' = {..., a — 5, a — 3, a — 1}, J = {a + 2,a + 4, . . .}. 

This produces a new symbol A' ^ Cy^s', where A' is obtained from A by replacing 
one row of length h by one row of length h — 2. Since e{h — 2) = 1, the argument in 
4.11 can be applied, and we get the assertion of the theorem. Theorem 4.2 is now 
proved. 

4.16. We shall prove Theorem 4.3. So assume that F is of non-split type. 
First consider the case where L ^T. In this case the proof is done almost similar 
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to the proof of Theorem 4.2, by using Lemma 4.13 instead of Proposition 4.10 and 
4.11. However, we have to be careful for the choice of v (cf. the condition of a and 
a' in 4.12) in applying Lemma 4.13. In the case where p = 2, this is done along 
the line in 4.15, by choosing the decreasing number suitably. In the case where 
p 7^ 2, Proposition 4.10 cannot be applied directly, and we have to apply a similar 
argument as in 4.15. But this is easier than the case of p = 2; the semi-intervals are 
of the form = {a, a + 1, a + 2, . . . } or If^ = {a, a, a + 2, a + 2, . . . }, and only 
gives an interval. The distance of two semi-intervals /, /' is > 2. If the distance is 
> 3, no interaction occurs for 1,1' in decreasing one entry. Then the assertion (i) of 
the theorem is obtained by considering the following (7, /'). 

{^hi^h-2)i {Ihi^h-l)i {^hi^h-l)i 

The details are omitted. 

Next we consider the case where L = T. Hence W = W^, and we regard it as a 
subgroup of Wn = W|^{a). We consider the decomposition of E = V(c",€') in (1.6.1). 
Assume that E is F-stable, and let E be the extension of E by (J(c',e')- Let Ei be 
the extension of Ei = V(Ci,£i) through a(Ci,£i)- Note that in our case dimMg^ = 1, 
and so a£/^£ is a scalar map. By multiplying a"^ on the both side of (1.6.2), one can 
write 

o a(C',£')\ME^^Ei = cr£',£i (8) cr"^ o (T^Ci,£i)- 

Since F acts trivially on Ag{u) and Am{v), the extension p® pX is the trivial ex- 
tension. Thus if F acts trivially on Xuiy, then Corollary 1.9 implies that crg/^g^ is 

a scalar map by g-'^Ci,C'+dimC/Q_ 

assume that E corresponds to the symbol A 
and El is an irreducible component of E corresponding to the symbol A' , where 
A' is obtained from A by decreasing an entry by 1, under the condition in 4.12. 
(Note that A is not a degenerate symbol since E is F-stable.) Let E and Ei be the 
preferred extensions of E, Ei, respectively. Then it is easy to check that Ei occurs 
in the restriction of E on Wn-i- Thus again by using the arguments in 4.15 (see 
also the remark for the case where L ^ T with non-split case), thanks to Lemma 
4.13, the verification of Theorem 4.3 (ii) is reduced to the case where n = 2, namely 
G ~ X Gi, where Gi is of type Ai, and F acts as a permutation of two factors. 
This case is checked as follows (cf. [SI, Lemma 3.11]). Since the class C is F-stable, 
u' is the product of two regular elements in Gi or the product of two identity ele- 
ments in Gi. Let Bu' be the variety of Borel subgroups of G containing u'. Then F 
acts trivially on the one dimensional W^^-module if^'^"' (i3„/), where du' = dim^Bu/. 
Hence W„-module H"^^^' (By,/) coincides with the identity representation or the long 
sign representation r) (i.e., takes the value r){ra) — 1, vi'^^is) — where (resp. 
rp) is the reflection with respect to the short root a (resp. long root f3) of the root 
system of type i?2-) according to the cases where u' is regular or identity. The 
corresponding symbol is (2; 0) for the former, and (12; 01) for the latter. The both 
are preferred extensions, and the theorem follows. 
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